HpOJIeTHI/I MaTeMaTHu4YeCKH CbhbCTe3aHnud

ITneBen, 30 mapt — 1 anpua 2018 r.
YcaoBusg, KpaTKu pelleHns U KPUTEPUN 3a OleHdABaHe

3amadga 9.1. /la ce pemnu ypaBHEHHETO

r+vVar2+2=2a+1++v2ax +2a+ 3,

KbJIETO @ € peajieH TapaMeTbp.

Pewenue. YpaBHEHNETO UMa CMUCHJ TIpn 2ax + 2a + 3 > 0. Imame mociemoBaTeIHo

r+Va2+2=2a+14+V20zx+2a+3 <= Va2+2—-V2ar+2a+3=2a+1—-zx
22 —2ar —2a — 1
V2 +2++2ax +2a+3
(x4+1)(x —2a—1)

<= =2a+1—=x.
V2 +2++2ax +2a+3

=2a+1—=x

IIpu = = 2a + 1 nony4asame pemenne, 3amoro 2a(2a + 1) +2a+3 = 4a® +4a+3 = (2a+1)2+2 > 0. IIpu x # 2a + 1

JOCTUTaMe JI0 YPABHEHUETO
r+1

+1
V2 +2++2ax +2a+3

KoeTo HsAMA perrenne. [leficTeuresno, mpu ¢ > —1 jJgBaTa CTpaHA OYEBHUIHO € TOJOXKUTETHA, & Tpn ¢ < —1 mMame

)

r+1 r+1 r+1

> > > —1
VIZ+2+\2ax +2a+3  Va2+2 ||

(mocse;HOTO € eKBUBAIeHTHO Ha & + || + 1 > 0, KoeTo OYEBHIHO € M3IThJIHEHO).
OkoHYATEHO, 3 BCAKO PEAJHO @ yPABHEHHETO UMa €JUHCTBEHO peruenue © = 2a + 1.

Kpurepuu 3a ouensipage. (6 1o4ku) 2 T. 32 €KBUBAJEHTHU LPEOOPA30OBAHUA U DPALMOHAJIUZUPAHE HA JIABATA 4ACT
ypaBHeHHeTO; 1 T. 3a pa3jaraHe Ha KBaJIpaTHUS TpUdjeH; 1 T. 3a yCTaHOBABaHe Ha perieHneTo r = 2a + 1, 2 T. 3a
JOKa3BaHe, 4e HAMA JIPYTU PelleHus.

Bagaua 9.2. [ajen e npasobrbien rpublbinuk ABC (4 ACB = 90°). Touka O or cpeanara orceuka M N (M e cpe-
nana AC, N e cpena na BC') e takasa, ye ¢ AOC = 90°, a rouka P or orceukara AO e rakasa, ye < ACP =<4 BCO.
Ha ce nokaxe, ue 4 ABP =4 CBO.
Pewenue. Twit karo OM e meamana B npaBobrbianus AAOC, nvame 4 OAC =4 AOM. Orryk u or MN|AB
umame 2 4 OAM =4 OMC =4 BAC := «. Cnegosarenno § OAC =4 AOM = §. Torasa umame 4 BCO =
90°— 4 ACO =4 OAC = § u or ycnosuero ciensa, ye 4 ACP = §.

Or 4 ACP =4 PAC = § cnenpa, ye AAPC e pasnobenpen. Torasa PM e meanana u sucouuna, r.e. PM 1 AC,
orkbaero PM|BC.

Hexa mpasara M P ga npecnua AB B Touka K. Torasa MK e cpenna orceuka B AABC. Ocsen toBa NAKP ~

ACNO 1o mbpsu nipusnak. Crenosarenno AABP ~ ACBO, zamoro 4 BAP =< BCO = § n ot 1‘2—}12 = % CIIenBa,

AP _ CO _
45 = ¢ Ot mociemHoTO TIOTO6HE TOMyYaBame uckanoro 4 ABP =4 CBO.

Kpurepun 3a onensiane. (6 Touku) 1 T. 3a jokasarencrso, ye § BAC = 2 ¢ OAM; 1 r. 3a nokaszsane, ue AACP e
pasuoGeapen; 1 1. 3a PM||BC; 1 3a BbBexxnane na Touka K u mokasarescrso na nonobuero AAKP ~ ACNO; 2 .
3a JIOBbPIIBAHE.

3abesiexkka. JOIbIHATETHOTO IOCTPOEHUE MOXKE Ja ce n3derne ¢ Hamupane Ha nogodouero APCO ~ ANABC.

Bamaqa 9.3. 3a Bcsko ecrecTseno uuciao n > 10 ¢ gecernyen 3anuc abede... nedunupame unciaoro f(n) = a’cle..., karo

cuautame, ge 0° = 1, u, ako n uma nederen 6poit udpu, nocaeHaTa € Ha bpBa crenen (Hanpumep f(235) = 23.5 = 40
u f(2358) = 23.58 = 3125000). Yucmoro n ce Hapuua crabuino, ako f(n) = n.

a) Jla ce HaMepsAT BCUYKHU CTAOWJIHU €CTECTBEHU YHUC/Ia, KOUTO ca mo-mMajku ot 2018.

6) CobluecrByBa Jid CTabUIHO YHUCIIO, TIO-T0JisiMO oT 20187

Pewenue. a) OtroBop — HAMa TakuBa/

Axo n = abc e cTabmmno TpumuEdpero ncao, To 100a + 10b + ¢ = a’c <= 10(10a + b) = (a® — 1)c. OuesnaHO
a>2,b>2wuc>0 (urage a’.c < ac < 81). Ille pasriesame pa3IUIHATE BH3MOXKHOCTH 3a b.

[pu b > 5 umame 999 > n > 45.¢c > 1024 npu a > 4. Axo a = 2, nonygasame 10(20 + b) = (2b — 1)¢, kbuero
C OYEBU/IHO € YETHO M 3Ha4u 5\2” — 1, re. b = 8 (nokazarensr na 2 no moayn 5 e 4) u 280 = 255¢, nporuBopeuue.



Axo a = 3, mmame (3° — 1)c = 10(30 + b) € [350,390], otkbaero b = 5 u 350 = 242¢, nmporusopeune. Cem0BaTeTHO
be{2,3,4}.

IIpu b = 2 noayuasame 20(5a + 1) = (a? — 1)¢, otkbaero 5la? — 1, T.e. a = 4 wim 6 uam 5|c, T.e. ¢ = 5. I B nBaTa
cilydasi HaMaMe pellienne. AHaJIOrMIHO ce OTXBbpJid u ciaydaar b = 3 (camo a = 6 uiau ¢ = 5). Ilpu b = 4 nonyuaBame
20(5a + 2) = (a* — 1)c. Ako a e gerHo, 10 8|c, T.e. ¢ = 8 u HAMaMe perenne. AKO a € HedeTHO, HMaMe IPOTHBOPEYHe
110 Moy 8.

Axo n = abed e cTabuano vernpunudpeno dncio, nenaMuHasamo 2018, 1o n = c?. B3MoKHOCTHTE 32 TOCIEIHOTO
B maTepBama [1000, 2018] ca 4° = 1024 u 6* = 1296 (scHO e, Te MMa MaKCHMYM eTHA CTeTIeH Ha 1udpa B TO3H HHTEPBaJ )
W T€ HE BOAAT JIO PEIleHue.

6) Tla, n = 2592 = 25.92.

Kpurepun 3a onensipane. (7 Touku) 5 7. 33 a) u 2 1. 3a 6). 3a a): 1 1. 3a orpanudenusra a > 2, b>2uc>0,2 T 3a
orxBbpJsgne Ha b > 5, 1 1. 3a orxBbpasgne Ha b € {2,3,4} u 1 1. 3a orxBbpIAHe HA Yucaara, HenaamuHasamm 2018.

3abenrexxka. [lonsitnero crabujiHO YUCIO B CMUCHJIA HA Ta3u 331ada € BbBemeno or Komyeit mpe3 2007 r. Ocsen
enHonupennTe Yucaa u 2592 e u3BECTHO OIe CaMO €IHO CTAabMIHO 9HCI0, a UMeHHO 24547284284866560000000000.
M3BecTHO € omme, 4e HaAMa, JAPYrH cTabuinm umcia, mo-maaku or 10190,

3amadva 9.4. Jlanenu ca eCTECTBEHN YUCIA N U M, 38 KOUTO 1 > m > 2. 'pymna oT HIKOJIKO MOHETH Ce Hapuda n-1oopa,
aKO B Hes HsIMa [TOBEYE OT 1 MOHETH C eHA W CbIa cToiiHoCT. Yucsio S ce Hapw4a, n-JI0CTUKUMO, aKO B IPYTIaTa UMa,
7. MOHETH ChC cOOp OT CcTOiHOCTHTE WM, paBeH Ha S. Jla ce HamMepu Hail-MaJIKaTa CTOWHOCT HA €CTECTBEHO 9uciio D,
3a KOETO 3a BCAKA N-100pa rpyma oT [) MOHETH ChITECTBYBAT IOHE 1M PA3IUIHU IUCTIA, KOUTO CA N-TOCTUXKIMH.

Pewenue. a pasrimemame rpyma OT n + m — 2 MOHETH, B KOSITO UMa 1. MOHETH OT 1 jieB 1 m — 2 MOHETH OT 2 JieBa.

Besiko n-mocTukuMo 9mcsio uMa BUAA T + 2y, KbAeTo x € 6pos Ha MoHeTHuTe OT 1 /1eB, a y e Opos Ha MOHETHTE OT 2

neBa u x +y = n. CnemoBarento x + 2y = n + y. Tbit karo MoHeTuTe oT 2 j1eBa ca M — 2, TO Y MOXKE [1a IPUEMA

croitrocru 0,1,2,...,m—2, n.e. m — 1 croitaocru. CiieI0BATETHO N-JOCTUKUMHUTE ducia ca m— 1, .e. D > n+m—2.
Ja pa3riegame MpoOMW3BOJIHA TPyTHa OT N + m — 1 MOHETH M Ja TH MOJAPETUM TIO TOJEeMUHA!

a1 S a2 S S Qp4m—1-
3a Bcsko ¢ = 1,2,...m ga pasriemamMe cOOpoBeTe
Si =a; + Qiy1 4+ F Apgi—1-

Twit karo rpynara e n-mobpa, TO He MOXkKe 1a uMa N + 1 mocses0BaTesHy PaBHu ducia. ToBa o3Ha4aBa, 9€ dp4i > a;
3a Besiko @ = 1,2,...m — 1. onexe S;11 — S; = apys —a; >0, 10

Si<Si+1<"'<Sm.

Craemoarenno uuciaara S, 59, ..., S, Ca Pa3IudHd U Ca N-JOCTHXKUMH, T.e. D =m +n — 2.

Kpurepun 3a ouensipane. (7 Touku) 3 T. 3a HepaBeHCTBOTO D > n + m — 2; 4 . 3a J0Ka3BaHe, Y€ BbB BCAKA N-106pa
rpyna or m +n — 1 MOHeTH WMa MOHE M 9YHCJIa, KOUTO Ca N-I0CTUXKAMHA.

3amadga 10.1. Jla ce permu cucremara:

‘ y o+ 2-42tvl o= 10
4 2—z—y _
= T Y =05
Pewenue. /la 3anuiiiemM cucreMara BbB BUIA
‘ 2y —3 + 4t = 17
4 4 _
s toww =0

Ionarame v = /2y — 3 u v = 2%, 4 > 0,v > 0 u noay4apame

‘ w2 4+ 2 = 17
1 1 _5 ;
v Ty T
re. (u+v)? —2uv =17, u+v = 2uw.
Axo X = uw, To mosmyuaBame
25

ZX?2_9X-17T=0
16



c kopern X7 = 4 u Xy = —%. Twit kato uv > 0, TO BTOpUAT KOpeH He Boau 10 pernerwne. OTTYyK mojgydaBame

u+v=>5,uv =4, T.e. u,v ca KOpeHH Ha ypasHeHnero Y2 — 5Y + 4 = 0. Tosa BOAM 10 ABa CIydad,
(i) u=4,v=1, (i) w=1v=4,

or konTo nomydasame pemennsara (i) x = -2,y = 2w (i) 2 =0,y = 2.

Kpurepun 3a onensBane. (6 Touku) 2 1. 3a nmpeobpasyBaHe Ha CHCTeMaTa U W3BbPIIBAHE HA IOJArAHETO, 2 T. 34
pelaBane Ha CUCTEMATA B HOBUTE IIPOMEHJIMBU K 33 OTXBbPJ/IAHE HA €AHOTO PelieHue, 2 T. 33 HAMUPAHE HA PELLeHUATA
HA CHCTEMAaTa OT YCJIOBUETO.

3amadga 10.2. /lagen e tpubrbiaauk ABC, Boucan B OKpbKHOCT k1. OkpbxkHOCTTA ko ce momupa 10 k B Touka C' u
1o crpanara AB B Touka T. IlpaBara C'T mpecuda ki 3a Bropu bT B Touka Q. [IpaBara QN, N € ko, e monuparesHa
kbM k9. Jla ce mokazke, 4e OKpbIKHOCTTA, omucana okojso AABN, muHaBa mpe3 IeHTbpa Ha Boucanarta B NABC
OKP'BbKHOCT.

Pewenue. Ot npecmarane na 4 BAC [upe3 qbru B ko CI€Ba, 9e JIbIUTE B Ta3W OKPbHIKHOCT, orroBapamm na < ACT

u 4 BCT, ca pasuu, t.e. CT e bruononossiia uva J ACB. Torasa () e cpena na awrara AB ot ky u QA = QB = QI
Kkbjero I e nearbpbT Ha Brucanara B AABC okpbxkuoct. Ille mokaxem, ve QN = QI, OTK'bJETO HCKAHOTO CIIEIBA.
Nmame QN? = QT.QC u ocrasa na uspasum QT u QC. Or AACT ~ QCB nonyuasame QC = AagB, a or

ABTQ ~ ACTA nmame QT = Qi'gT. VYMHOXKaBAHETO HA TOCTEIHUTE IBE PABEHCTBO AaBa QN = Q1.

Kpurtepun 3a onensBane. (6 rouku) 1 1. 3a nokassaue, ye C'T e bruonosnossama Ha < ACB, 1 1.3a QA = QB = QI
1t 3a QN? = QT.QC, no 1 1. 3a uspasasanero na QT u QC, 1 1. 32 joBbpLIBAHE.

Bamaga 10.3. 3a pemunara or nenn ncia A = (a;)52, o3unagaBame ¢ D, (A) Ge3kpaiinara peaura, noaydesa or A
cJlesl M3TPUBAHE HA BCEKHW HEWH M-TU UJICH:
Dp(A) s a1,a0,. .. Gm_1,Gmg1s- -y 02m—1,A2m41s - - -
a ¢ S(A) o3nadaBame peuLATa OT YACTUYHUTE CyMu Ha A:
S(A) :a1,a1 + az,a1 + az + as, . ...

Heka A = (a;)$2,, kbaero a, = 1 + (n — 1)d 3a Bcako ecrecTBeHO 4ucy0 n U d € ecrecrBeHo ducao. [Ja ce namepsr
Bewaky n W d, 3a konto pequnarta S(Ds2(S(D3(A)))) ebabpka uncioro 22018,

Pewenue. Hexa pegunara A uma uckanoto coiicrso. Jda o3uadumm ¢ B = (b;)$2, peaunara S(D3(A)). Torasa

bokt1 = (a1 +as+...+agkq1)+ (a2 +as+ ...+ asp—1)
Qa1 +k-3d)(k+1)  (2as+ (k—1)-3d)k
_|_
2 2
= 2k+1+ (3k* + k)d.

Heka mo-nararbk C' = S(D2(B)) = (¢;)$2,. Torasa

S
|
—

Cn = bak+1

1T
= o

(2k + 1+ (3k* + k)d)

(]

k=0
n—1 n—1 n—1
= 2k+1)+3d> K +d> k
k=0 k=0 k=0
_ 2 +3d(n —1ni2n-1) ern(n -1)
6 2
= n*(1+ (n—1)d).

Crnenoparenno (14 (n — 1)d)n? = 22018 33 nakon ecrecrsenu n u d. Torasa n = 2¢, t € N, orkbaeTO

(2t o 1)d _ 2201872t —1.

Cnenosarenno 28 — 1 gemu 229182t _ 1 koero ozmauasa, ue t gemu 2018 — 2t. Cera e gcno, ye ¢ e equo o1 yucaara 1,
2, 1009, 2018. Tvit karo 2018 — 2t > 0, umame t = 1 unum 2. ToBa gaBa pemenusiTa

B 22014 -1

n=4,d=

n=2d=2%1 1, :
3



Kpurepun 3a onensisane. (7 rouku) 1 T. 33 nojyvyaBane Ha YJIEHOBETE Ha penunata B B SBeH BUI, 2 T. 3a U3Pa3saBAHE
Ha ujeHoBeTe Ha pemumara C, 2 T. 3a JoKa3BaHe, de nopenuuar nomep ua 22018 e n = 2t xp1ero t e nemuren Ha 2018,
2 7. 3a MoJiyyaBaHe Ha PEIIeHuATa M OTXBbPJdAHe Ha Jeaurenaute 1009 u 2018.

3amaua 10.4. Bx. 3amaga 11.4.

3agayga 11.1. /la ce HamepsaT CTOMHOCTUTE HA PEATHHS [TAPAMETHD G, 33 KOUTO HEPABEHCTBOTO

10ga+27x (logxfa CL) >0

UMa peleHune.

Pewenue. Jomycrumute croitrocru ca a > 0, z € (a,a+2), x #a+ 1 ulog,_,a > 0.
1.Ipu z € (a,a+ 1) nmame a +2 —x > 1 u & — a < 1. HepaBeHCTBOTO € €EKBUBAJIEHTHO HA

a<zr—a < x> 2a.

3a 1a uMa pellleHre HepaBeHCTBOTO Tpsabsa 2a < a + 1, t.e. 0 < a < 1.
2. Mlpuz € (a+1,a+2) umame a+2 —x < 1 u  — a > 1. HepaBeHcTBOTO € €KBUBAJIEHTHO HA

0<log, ,a<1,

OTK'BJETO TTOJIydaBame
l<a<zxz—a.

3a Ja uMa pelenre HeEpaBeHCTBOTO TpsioBa 1 < am 2a < a+2, re. 1 <a < 2.
Oxonuarenno Tvrpcenure croiinocT ca 0 < a < 2,a # 1.

Kpunrepun 3a onensipane. (6 Touku) 1 T. 3a momycTuMuTe CTOWHOCTH; 2 T. 3a cayvas x € (a,a + 1); 3 T. 3a cayuas
z € (a+1,a+2).

3amgaua 11.2. B AABC e Bumcana oKpbXKHOCT ¢ HeHTbp O, KogTo ce gonupa a0 crpanure my AB, BC u AC
cborBerHO B Touku C7, Ay u Bi. BbHinHOBIMCaHAaTa KbM crpaHara AB okpbxKHOCT uMa neHTbp O U ce Jonupa J10
AB wn npogbiaxkenusaTa Ha crpannte AC' m BC cwhorBerno B Toukn Co, By n As. Heka O1Cy mpecnua A B B TouKa,
M, a O;C5 nipecuua, A3 B> B Touka N. [la ce moxkaxe, ue C1M = CyN.

Pewenue. Ako AC = BC, 1o nopagu AB; = AB; = BA; = BA, orceukara AB e cpesHa Orcedka B Tpaleng
By As A1 By. Torasa Toukure C n Cy coBrnagar u C; e cpema na MN.

Heka AC > BC u ga o3naunMm npecednnre To9ku Ha AB ¢ A1 By u A3 By cvorBerto ¢ P u Q. Or A1 By || A2Bs
Caensa, ue 4 APB; = BQAs u 4 AB1P+ < BA>Q = 180°. Cera or ABy = ACy = BC; = BA;s ciensa, ue

_ AB;sinyy  BA;sin(180° — 1)
~ sing sin ¢

AP

= BQ,

orkbaero PC; = QC5. Caenoarenno APC{N =2 AQC3N, t.e. C1N = CoN.

Ouenasane.

Bagaua 11.3. Heka k € (1/2,1) u a; > 0. [la ce nokaxe, de peauuara ¢ ool wieH a1 = ka, +(1—k)/a,, e cxongama
7 Ja ce HaMepu TPaHUIATa M.

Pewenue. Unmame, Te

(1) ant1—an = (1= k)(1/an —an), (2) ant1—1=(an = 1)(k = (1= k)/an).

Touexe m = (1 — k)/k € (0,1), no uHAyKIMS ciIensa, de:
(3)akoa; > 1,041 > as > --->1;
(4) ako 0 < a; <m, 10 ag > ag > -+ > 1;
(5) akom < a; <1l,T0 01 <@g <--- <1
SHauu pejunaTa ao,as... € MOHOTOHHA M OIPAHMYEHA, U CJIeJI0BATEIHO € CXOJsdlla. 3a IpaHuuara i | umame, de

Il=kl+ (1-k)/l, orkbmero (6) [ = 1.

Kpurepuu 3a onensisane. ITo 1 1. 3a Begko (i).

3amaga 11.4. CbmiectyBar Ju B3aUMHONPOCTH €CTECTBEHU 4YMCa a u b, 3a xkouto a > 2018, b > 2018 um 3a BCAKO
ecTecTBeHO Incao ¢ > 2018 uncaoro a?b? + b2c? + a?c? uma mpoct genmTes p OoT BUAA p = 3k + 27



Pewenue. Jla momycuem, ue TakKuBa a U b chbiecTByBaT u 13 w3depem ¢ = a + b. Torasa
a’b? +b2c® 4 a*c? = (a® + ab + b))%

Heka p = 3k+2 e mpocro 1uciio, Koeto aemu a+ab+b%. Ako pla, To p|b?, T.e. p e 061 feuTep Ha a 1 b, IPOTHBOPEHHE.
Cite1oBaTETHO P HE U HUTO @, HUTO b.

Nmame a® = b (mod p). Cienosarenno a mod p), a or apyra crpana a1 = b3**! (mod p) (or
teopemara Ha ®epma). OT moceHUTE TBE cpaBHeHUs moayuaBame a = b (mod p). Tbit karo p menun a? + ab + b2, To
p nemu 3a?. Ionexe p = 3k +2 # 3, T0 p meau a U b, IPOTHBOpPEIHE.

3k = b3k(

Kpurepun 3a oneHsiBaHe. 2 T. 3a n300p Ha ¢, KOETO pabOTH, 5 T. 3a JOKa3BaHe, € N30PAHOTO ¢ pabOTH.

3agaua 12.1. Heka I u M ca neHTHPBT HA BIHCAHATA OKPBbKHOCT U MeuneHTbPbT Ha AABC, 3a xoiito AC # BC.
Ha ce mokaxe, we IM 1 AB torasa u camo Torasa, koraro AC + BC = 3AB.

IIspeo pewsernue. Heka D u E ca npoekiuure va C' u I Bbpxy npasara AB, a F' e cpenara na crpanara AB. Torasa
(1) IM 1L AB< ME||CD < FD =3FE.

Ile cienpamMe cTaHIapTHUTE O3HaYeHUs 3a ejgeMenture Ha AABC. MoxeMm na cuarame, 9e a < b. Torasa

b+c—a b—a

(2) FE=AE - AF = < :
2 2= 2

c W+ —-d® ¢ bV -d?
(3)FD—AD—AF—bcosa—§— 5 5= "%

Or (1), (2) u (3) cneapa, we IM | AB < a+b = 3c.

Kpurepun 3a onensisane. 2 1. 3a (1), 1 7. 3a (2), 2 ™ 3a (3) n 1 1. 33 3aKIIOYEHME.

Bmopo pewenue. Heka C7 = CINCy, a A1 uw By ca TakuBa TOYKM ChOTBETHO BBPXy crpanute BC u AC, 4e
ABy = ACy nw BA; = BC,. Ilonexxe AI n BI ca cumerpamn na B1Cy nu A1Cy, To I e meHTHPHT HaA OMUCAHATA,
okpbxkHOCT 0KOJI0 AA B1Cy. Caenosarenuo (1) ICy 1 Ay By, kbuero Cs e cpenara va A;By. Ot apyra crpana,

AB, AC, AC

BA,  BC, BC

u 3uauu (2) A1 B;||AB. Torasa ICy; L AB u Cy = CM N Ay By. lonexke AC # BC, ro I ¢ CM. CunenoBaresso

IMJ_AB<:>C2:M<:>%:A31:AClz%@AC—kBC:SAB.
Kpunrepun 3a onensisare. ITo 1.5 1. 3a (1) u (2), 3 T. 32 IOBBPIIBAHE HA PEIIEHHETO.
Babenexka. JIpyro pernenne ce mojiydasa, ako ce usnonssa, ue M1 1 AB sieue, ue AM?*—1r? = (p—a)?BM?—r? =
(p—b)*.
Bagaua 12.2. Heka k € (0,1/2) u a; > 0. [la ce nokaxe, de peauuara ¢ ool wieH a1 = ka, +(1—k)/a,, e cxongama
7 J1a ce HaMepy TPaHUIATa M.

ITspso pewenue. la monycHem, 4e He CBHINECTBYBA N, 3a KOETO a, € [1,m], kbaero m = (1 — k)/k > 1. Torasa or
(1) any1 —an = (L= k)(1/an —an), (2) ant1 —1=(an —1)(k — (1 —k)/an)

[0 UHIYKIWUS CIEIBA, Y€ dg > ag > -+ > M U 3HAYU PeJulaTa e Cxoidaia. 3a rpanunara i [ umame, e | = kl+(1—k)/I,
OTKBIeTO | = 1, KOeTo e IpoTHBOpedne.
[To-nararbk Moxkem ga cuurame, 1€ (3) a1 € [1,m]. Or (2) n

(4) tni2 — an = k(1 = k)(1 —ap)(1/an + 1/ap41)

00 MHAYKIWA caeasa, de (5) a; > ag > - > 1uay <ay <--- < 1. 3Hauu Te3u aBe NOAPEIUIHU Ca CXOAAIM U OT (4)
3akmo4aBame, de (6) a, — 1.

Kpurepun 3a onensane. ITo 0,5 1. 3a (1) u (2), mo 1 1. 3a (4) u (6), w mo 1,5 r. 3a (3) u (5).

Bmopo pewenue. (Credan Tepaxukos) [la pasrieame pasiMkure a, — 1/a,. JIApEKTHO 3aMecTBaHe B PEKypPeH-
THATA 3aBUCUMOCT IIOKa3Ba, de:

it = Vansr = (an — /an)(k = (- k)/ (ka2 + 1 — k)



Koedurmentsbr B ckobure € mexay k — 1 (npu a,, — 0 ) u k (npu a,, — 00). Crenosarento:
|an+1 — 1/ant1| < max(k,1 —k)|a, — 1/ay|.

Heka ¢ = max(k,1 — k) € (0;1). O11yK |aptm — 1/@nim| < ¢™|an — 1/ay| u 3889n |a, — 1/a,| — 0. Hakpas or
an+1 — ap, = (1 — k)(a, — 1/a,) nonyuasame, ue:

3

|ngm — an| = (1 - k)lzanﬂ’ —1/any| < (1 - k)Zci|an —1/an| < (1= k)/(1 = c)lan — 1/ay|

Caenorarenno (a,) e pexnna va Komm n uma rpannna (Thit kKaro R e mbaHO MeTpuyHO TpocTpancTro). I'pannmara
ce CMATa, TUPEKTHO.

Bamaua 12.3. Equn caen apyr, A u B nonbasar ¢ 0 uin 1 HIKOE HEHOI'bAHEHO O TO3W MOMEHT KaJpaTde B IOC/Ie-
JoBaTeHOCT OT 66 KpBagpaTdeTa. B mewenn, axo mosydenoro Hakpas 66-mudpeno umcno ce menu Ha 111 BbLB Beaka
Opoiina cucrema. B nporupen ciaydaii negesn A. Koit or aBamara uMa 1edejiMBIla CIpaTrerus, ako YUCI0TO:

a) Moxe Ja 3amousa ¢ 0; 6) He MOXKe 112 3anousa ¢ 07
Pewenue. Ako uucioro e agas ... agsags, T0 B medyenu, Kkoraro 22 +ar+1 e a0w65 + a1x64 + -+ agaT + Qg5 32
. C()CL'Q + C1 4+ Oy
24 x+1

Co=ap+az+-+ag, Ci=a1+as+ - +ae, Co=az+as+ -+ ags.

n+3 _ .n

BCSKO 1siiio uucyio = > 2. Honexe 22 + x + 1 nenu x , TOBa 03Ha4aBa, e ¢(x)

qunucCj10, KbIAETO
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Twvit karo |c(z) — Cy| < 1 mpu = > max{|C; — Cp|, |Ca — Cy|}, To B meuenu, ako Cy = Cy = Cs.

a) B meuesnn npu ciemmnara crparerus: cien nombianena or A nudpa a or rpynara (cbe cyma) Cy, monbisa ¢ 1 —a
mudpa or chinara rpyna (makpas Co = C; = Cy = 11).

6) A neuesn npwm cieaHATA CTPATErWs: HUKOIa HE MOIMIbJIBA G, OTHAYAJIO U ciej xoi Ha b B Cy nombasa 1 B chmara
rpyma (ako Ts He e 3aIrbJIHeHa), a nHave nombiasa nombiasa 0 B C U Cy (Hakpas Cy > 12 > min{C1, Ca}).

Kpurepuu 3a ouensipane. 2 1. 3a B uevesnu, ako Cy = C; = Co, 2 1. 32 a) u 3 1. 32 0).

Bajaua 12.4. Jla ce joKaxe, 4e 3a BCAKO €CTECTBEHO YHCIO N CHIIECTBYBa €MHCTBEH TOJHHOM P OT cTemeH n ¢
peasnu KoedburuenTu, 3a koiro xP?(x) — (P(x) — 1)? e neuerna dbynxuus.

Pewenue. Heka P(z) = Q(2?) + xR(2?) e monuHoMm, u3mbIHABAIN YCIOBUETO Ha 3ajadata, KOeTo Ie 6eleskuM ¢
(1). Tvit karo
eP?(z) = (P(z) = 1)* = —=(Q(2*) = 1)* = 2 R*(2*) + 22°Q(2*) R(2?)

+2[Q%(2?) + 22 R?(2?) — 2Q(x?)R(x?) + 2R(x?)],

TOBa O3HAYABA, Y€
(2) (Q(x) —1)* + zR*(x) — 22Q(x)R(x) = 0.

Orryk secuo crnenpa, e deg @ = deg R unu deg Q = deg R+1. Buaun, ako deg P = 2n—1,rodeg Q = deg R = n—1,
a ako deg P = 2n, to degQ = deg R+ 1 =n.

[To-maTarbk me u3moa3Bame MeToa Ha 6€3KPAHOTO CIIyCKaHe.

Heka deg P = 2n. Ot dopmynaure na Buer ciensa, ge f(z) = —Q(x) + 2¢R(x) + 2 u R(x) m3mbiusasar (2), xaTo
Q(z)f(x) = 2R*(x) — 1. B wacruocr, deg f = n — 1. 3naun nomunomsbr g(x) = f(2?) + 2R(2?) usnbausasa (1), karo
degg = 2n — 1 (3amo?).

o momoben naumn ce BuxAa, ge ako deg P = 2n— 1 u h(z) = 2Q(z) — R(z), To momuuromsbt g(z) = Q(2%) + xh(2?)
usnbanssa (1), karo degg = 2n — 2.

ITpoabaKaBaiKK TIO TO3M II'bT, HAKPAS IIE JOCTUTHEM JI0 KOHCTaHTeH nojuHoM Py, uanbauassai (1), T.e. mo Py = 1.

O6parno, ako Qg = 1, Ry = 0,

Qon—1 = Qan—2, Ron_1 =2Q2n—2 — Rop_2,

Q2n = 2xRop—1 + 2 — Qan—1, Ran = Rap-1,
10 P, (z) = Qn(2?) + 2R, (2?) usmpanssa (1), karo deg P, = n.
C ToBa 3amauara e perieHa.

Kpurepuu 3a ouensipane. 2 1. 3a (2), 3 1. 3a ,cuyckane“n0 Py =1 u 2 1. 332 10BbpIIBAHE HA PELIEHUETO.

Bamaunte ca mpemyoxkenn or: 9.1, 9.2 u 10.2 — /Imnana lanosa, 9.3 — Ilerbp BoiiBamenkos, 10.1 u 10.3 — Usan
Jlanmxes, 9.4, 10.4(11.4) u 11.2 — Asnekcanabp Usanos, 11.1 — Evun Koses, 11.3, 12.1, 12.2, 12.3 u 12.4 — Hukomnait
Hukonos.



